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Dynamic Flexibility Method with Hybrid Shifting Frequency

for Eigenvector Derivatives

De-Wen Zhang*
Beijing Institute of Structure and Environment, 100076 Beijing, People’s Republic of China
and
Fu-Shang Wei'
Kaman Aerospace Corporation, Bloomfield, Connecticut 06002

When concentrated roots exist, the precision of the dynamic flexibility method proposed previously by the
authors is changed severely to be poor because a power series in the method closes in divergency. For this reason,
a dynamic flexibility method with hybrid shifting frequency is developed. This new dynamic flexibility method
applies a hybrid shifting frequency technique, that is, two shifting frequency values, Aw; and Aw,, are put up.
So a hybrid shifting frequency system is obtained. In this system Aw; is used to guarantee that the stiffness
matrix of the system is always nonsingular; and Aw; is employed to accelerate the convergence of the power series
contained in the present system. Thus the dynamic flexibility method with hybrid shifting frequency is suitable to
the concentrated root condition. However, the eigenvector derivative of this hybrid shifting frequency system is not
the same as that of the original system. To give the eigenvector derivatives of the original system, the relationship
between dynamic flexibility matrices of the original and the hybrid shifting frequency system is first established.
Then the eigenvector derivatives of the original system can be found from the eigenvector derivatives of the hybrid
shifting frequency system. In words, this method is powerful and suitable for any (constrained and free) structures

with concentrated roots.

Nomenclature

Ay, Ay = (n, n) matrices to be determined
F(A) e R*" = dynamic flexibility matrix
FA(\ = frequency-shifteddynamic flexibility matrix
K e R"" = real symmetric positive semidefinite

stiffness matrix
K'eR"" = derivativeof stiffness matrix with respectto p;
K*, K~ = frequency shifted stiffness matrices
M = real symmetric positive definite mass matrix
M = derivative of mass matrix with respectto p;

Jth design parameter
dynamic stiffness matrix

Dj
S(\) € R™"

SA(A*) = frequency-shifteddynamic stiffness matrix

ZeR"" = eigenvector matrix of repeated root

Z' e R™™ = derivative matrix of eigenvector
of repeated root with respectto p;

A e R™™ = derivativediagonal matrix of repeated root A
with respectto p;

A = repeated eigenvalue of noumenon-mode
eigenvector Z

AF = frequency-shiftedrepeated eigenvalue
of noumenon-mode eigenvector Z

o e R = complete eigenvector matrix including the
eigenvectors ®; and o,

&, € R™" = higher-ordereigenvector matrix excluding &,

®, € R"* = lower-order eigenvector matrix including
the eigenvector Z and &

dreR" = rigid-body modal matrix
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Q4 eR"™" = frequency-shiftedeigenvalue diagonal matrix
correspondingto
Qe RM frequency-shiftedhigher-order eigenvalue

diagonal matrix correspondingto &,
vector or matrix norm

Subscripts and Superscripts

= number of higher-order eigenvectors
number of lower-order eigenvectors
number of eigenvectors of repeated root
number of degrees of freedom

number of rigid-body mode eigenvectors
transpose

frequency-shifted parameter

NI 3 =
Il

*
>
|

I. Introduction

O overcome the shortcomings of the direct methods presented
in Refs. 1-4 under the case that the derivatives of many eigen-
vectors are computed, a dynamic flexibility (DF) method for com-
putation of many eigenvector derivatives with repeated and unre-
peated roots is first developed in Ref. 5. The primary work of the
DF method is solving of matrices A, (p=0,1,...) to be deter-
mined; however, the coefficient matrix of governing equation for
solving A, is the stiffness matrix K. Thus when there exists the
number r of rigid-body motions in a structure and matrix K 1is sin-
gular, the present governing equation cannot be solved. For this,
the number r of independentequations must be complemented into
the governing equation. This way makes the coefficient matrix K
become (K + uMdp <I>£M). Obviously, this is a full matrix and
breaks the band-state characteristic of original matrix K, which is
unfavorable to the computational efficiency. To use the band-state
characteristic of original matrix K, the author® adopted a shifting
frequency technique to make the coefficient matrix of governing
equation for solving A, become K* = K — AwM, in which Aw is
the amount of shift at frequency axis. Clearly, K * not only is always
a nonsingularbut also possesses the band-state characteristic of the
original matrix K.
The preceding shifting frequency technique, the formal shift-
ing frequency dynamic flexibility (FSFDF) method, not only
can improve the computational efficiency but also can raise the
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convergent rate of a power series utilized in the DF method. The
latter is very important because the convergent rate of the present
power series will slow serially as the value of A increases. Whencon-
centratedroots occur, this power series of A can diverge. The FSFDF
method cannot increase obviously the convergentrate of the power
series, especially when concentratedroots occur because it does not
change the property of original dynamic stiffness S(A) = K — A M
and dynamic flexibility F(A) = (K — AM)~!. A system shifting fre-
quency dynamic flexibility (SSFDF) method is first proposed in
Ref. 7. The SSFDF method, which was originally proposedto retain
the band-state of stiffness matrix K of the suspension structure,
changes the property of S(A) and F (1), can accelerate the conver-
gence of the power series, and improves the precision of calculation
under the case of concentrated root. Because the coefficient matrix
K* =K+ AwM of governing equation for computing A, in the
SSEDF method is a function of frequency-shifting value Aw, one
can only utilize one and the same value of Aw for all eigenvector
derivatives or uses, at most, a “divided group” shifting frequency
procedure. The so-called divided group procedure means that all
eigenvectors to be differentiated are divided as several groups, and
then the different values of Aw are adopted for a different divided
group. Correspondingly,thereis an “one-by-one” shifting frequency
procedure. The one-by-one procedure means that the different value
of Aw is selected for a differenteigenvectorderivative. Clearly, the
precision of the results obtained by the one-by-one procedure must
bebetterthan thatobtained by the divided group procedure. Unfortu-
nately, the SSFDF method’ cannotutilize the one-by-oneprocedure;
otherwise, the matrix K2 needs to be decomposed over and over
again to make the SSFDF method lose practical value. Thus, the
SSFEDF cannot accelerate the convergenceof the power series under
concentrated root condition. For this, a noumenon-mode shifting
frequency dynamic flexibility (NSFDF) method® is proposed. It can
use an one-by-one procedure to accelerate the convergence of the
power series under concentratedroot condition and has better preci-
sion and efficiency. However the coefficient matrix K of governing
equations in the NSFDF needs to be become as K + uM ®g <I>£M,
when rigid-body motion exists in a structure. This shows that the
NSFDF method is not very efficient for free structure with rigid-
body motion.

Based on the reason just stated, a hybrid-shifted frequency dy-
namic flexibility (HSFDF) method is first developed in this paper.
This method is the most general shifting frequency technique. The
NSFDF method is only the special format of the HSFDF method.
The HSFDF method is suitable and efficient to any (constrainedand
free) structures with the concentrated roots. Its primary expression
of calculation is an iterative formula. To improve the precision of
the iteration, the accelerated iterative algorithm proposed in Ref. 9
is utilized. In addition, the present accelerated iterative algorithm’
is simply expanded so that the best results are obtained.

Only the particular solution of eigenvectorderivativeis discussed
in this paper, and the general solution is given by using the proce-
dures described in Refs. 1-4.

II. Original Dynamic Flexibility Method

The principalformulasof the DF method developedby the authors
are summarized as follows.?
Derivatives Z' of eigenvectors Z of repeated root A are

Z'=F\G &)
in which
G=MZN — (K'—M"NZ 2)
Because X is the eigenvalue of eigenequation
(K —oiM)p; =0 3)
the dynamic flexibility matrix F(1)=S"'(A) = (K —AM)~! does
not exist. For this, the following approximate perturbed dynamic

flexibility formulation is utilized:

FO)=U—-ZZ"M)F() 4)

in which
F() = (K — M)~ (52)
=oQ 1)o7 (5b)

= & (Q — AT + @, (2, — AT DT (5¢)

(2 — A TOT + Ag 4+ AA + WA, + -+ (5d)

O (Q — AT D] — (qA)1ZZ7T + Ay + 1A,
+A2A, 4 (5e)

Here @, € R™* is the eigenvector matrix to be differentiated in
® € R"" and can be expressed as &, =[Py, Z] =[P, Z, P,], in
which ®; =[®,, ®,]. Z and A are called as noumenon-modeeigen-
vectorand noumenon-modeeigenvalue,respectively,and @, is a set
of the lower-order additional eigenvectors.A = (1 + )X, and n is a
nondimensional small quantity. From the author’s experience n can
be taken as about 0.001-0.0001. The eigenvalues 2, and €2, cor-
responding, respectively, to eigenvectors ®; and @, are separately
little and greater than A. For free structure ®; will include rigid-
body modes ®g. ®j, € R*"(k+ h=n) is the higher-order eigen-
vector matrix. Obviously, in comparison with F'(A), the F' (1) is
more close to the following accurate value:

FO) =oQ—1D)To"
= Bu(Qu — AD) D] + D () — A D]
= O ( QU —AD D] + Ag+ 1A + A% A + - (6)

because substituting Eq. (5e) into Eq. (4) it is known that the second
term as shown in right-hand side of Eq. (5e) will disappear, and this
term must not be a small quantity. So the DF method’s formulation
for computing Z’ is

Z' =FQO)G (7

The governing equations for the matrices A ,(p > 0) to be found in
Eq. (5d) are given as®

KAy=1- Mo, o (8)
KAp =MAp—l» p = 1 (9)

For free structure Egs. (8) and (9) will be replaced by the following
equations:

(K +uMer®rM)Ag =1 — Md,df (10)
(K +uM® L M)A, = MA, |, p>=1 (11

where u is a properly selected constant. Based on the experience,
w should make the elements of uM @z ®%M be smaller than the
elements of K by 1 ~ 2 order of magnitude.

III. HSFDF Method

It was not pointed out'” that in the preceding DF method the
matrices Ay, A; ... are unchanged upon differentiating any eigen-
vector in &, that is, A,(p >0) is not the function of eigenpair
(A, Z). This can be seen by analyzing Eqs. (8) and (9). This fact
tells us that Egs. (8) and (9) need only to be solved once regardless
of the number of eigenvectorsto be differentiated. This tells us also
that the convergentrate of the power series at the end of Eq. (5d) will
drop gradually, as the value of A increases, because the convergent
rate of the power series is nearly equivalent to that of the following
geometric series:

V(o =2 = (g D[+ 2w+ Gy )P+ -]
(12)



ZHANG AND WEI 2049

where wy + 1 is the eigenvaluecorrespondingto (k + 1)theigenvector
dr 41, that is, @ 1| is the lowest eigenvalue in higher-order mode
set @,,. Clearly, when A ~ w; , |, the series as shown in Eq. (12) will
diverge.

If the convergentrate of Eq. (12) under A &~ @, , | conditionneeds
to be increased obviously, one must rely on the hybrid shifting fre-
quency techniques, which will be presented in this section.

As mentionedin the Introduction,in comparison with the SSFDF
method,” the NSFDF method® is suitable to the one-by-one pro-
cedure, but as with the original DF method the coefficient matrix
K of governing equations of the NSFDF method is singular under
free structure condition so that the coefficient matrix must become
a full matrix (K + uM Py <I>£M). Now we want to find a shifting
frequency technique that can retain the band-state characteristic of
matrix K andis also suitable to the one-by-one procedure. After an-
alyzing the respective merits of FSFDF, SSFDF, and NSFDF meth-
ods, a HSFDF method is first developed in this paper.

The HSFDF method takes the frequency-shifted dynamic flexi-
bility matrix as follows:

FAO\") = (K® = A M)™! (13a)

= Q4 -7 leT (13b)

Here Q% =Q+ Aw,] are the eigenvalues of the following
eigenequation:
(K~ —w*M)g; =0 (14)

in which K% =K + Aw,; M and a)[A =w; + Aw;; A* is am-multiple
eigenvalue of the next eigenequation:

(K* —wfM)p; =0 (15)

in which K* =K — Aw, M, ! =w; — Aw,, and A* =1 — Aw,.
Assume ® = [®,, Z] and Q2 = diag[Q5, A2 [];here A2 =\ + Aw,
is a m-multiple eigenvalue of Eq. (14). Thus, Eq. (13b) can be ex-
panded as

FAO) = 0y(Q4 —271) o + A 22" (162)

= & (QF —271) BT + @y (Qf —a71) o]

N4 (16b)
= Q2 — 1 1) D] + Ad 22T
FA)FATA FAPA (16¢)

— () = A1) BT+ A+ A AT A
(16d)

where Ao= Aw, + Aw,, Qf =
Aw; 1, on the analogy of this.

To solve matrices A ,(p > 0) to be determined, Eq. (16d) can be
rewritten as

Q+Aw I, and QP =Q,+

FAO%) = —

T T
i (%2
D 21* + Ag + A*A,

2 — b w2,
2
_f+ w_lAf + ...
* )\'*

i j 2j
« 0\ 2
+ Z§02/§02I A +...
0)21 0)21

FA2 A, = —Z w“w“ [
+Ag+ AA +ATA A+

=271 PP 0] — AT 0 QM 0]
— ...+q>2g22A—1q>2T+A*®292A—2®;+A*2®292A—3®27

+ o Ag A FAPA 4 (17)

Here the definition of @, and ®; is slightly not the same as the early
one, and &, =[P, O,], that is to say, the noumenon-mode eigen-
vector Z is contained in ®; or ®,. Their corresponding eigenval-
ues Q8 = + Aw I and Q5 = Q, + Aw; I are smallerand greater
than A* respectively. Accordlngto the proceduredescribedin Ref. 5,
substituting Eq. (17) into the relationship (K2 — A*M)F2(A\*) =1
gets the governing equations

K*Ag=1—- Mo, d] (18)
KAA[) =MA1}—1» p e 1 (19)

After getting F2 (A*) from Eq. (16d), a frequency shifted solution
Z% of eigenvector derivative in the HSFDF method is given as

ZY = FA(\NG (20)
Note that Z is not equal to the following real solution:
Z =F\)G ~ F)G (21)

To derive Z' from Z2', the relationship between F (1) and F2 (1*)
must be found. From Eq. (5b) one knows
F(L) = ®o(Q — A @F — (qr) 122" (22)

Embedding Eq. (22) into Eq. (4) and using the mass-orthogonality
condition makes

F() = ®g(Q2 — A1) ' @] (23a)
= & (Q —ADT'O! + @, (2, — 2D (23b)
Thus, using Eqs. (16a) and (23a) gives
FA05) — F() = do[(28 —21) ' = (@ — A1) '] @]
+Aw'ZZ" (24)

Analyzing the ith diagonal element of the diagonal matrix in
Eq. (24) has

1 1 Ao + A
— = - (25)
wr =A@ — A (a)[A — A*)(w[ —A)
Equation (24) can rewritten by using Eq. (25) as
FA05) — F() = —(Ad + nn)@o(Q0 — 2*1) (@0 — A '@

FAG'ZZT = (Ao + B Q0 —271) (@ — D) @]
— (A6 + )@, (R =2 1) (@ — AD '] + Ad ' 22T
(26)

Using the relationship ®] M®, =0, &] M d, =1, as well as
Egs. (16b) and (23b), etc., the matrix in the second term on the
right-hand side of Eq. (26) can be rewritten as

0, (2 — A1) O M, (Q) — iD) ' DT
=[Foor — @ (@8 = 21) ol M, (2, — Al ]
= FAOO)M[F () — &4 (4 — D)1 @]
= FAQMYMEQR) — & (QF —271) (- AD '@ (27)
Substituting Eq. (27) into Eq. (26) obtains
FAOAN) = FO)=—(Ao+n ) FAOMF(O) + Ao~ 'ZZT  (28)
Postmultiplying both sides of Eq. (28) by matrix G gives

[l — (Ao + g FAONMIZ = Z — A0™'ZZ"G  (29)
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Equation(29)canyieldthe exactsolutionof Z’' whennotconsidering
the approximationof F2(1*) and 7, but this equation is unsuitable
to the calculationof many eigenvectorderivatives because the coef-
ficient matrix of Eq. (29) is a function of A and Aw. For this reason,
Eq. (29) is rewritten as an iterative formula of the HSFDF method:

Z/

=2 = A0 ZZ"G + (Ao + n ) FE(MZ),

)
k>1 (30)

The convergent rate of the power series in Eq. (16) is nearly
equivalentto that of the following geometric series:

1/(w0f,, —3*) = 1/wﬁ+1[1 0ol F (A*/wﬁ+l)2+...]
(31)

Because a)kA+1 =wi41+Aw; and A* =A — Aw,, even if under
A~ w; . condition, the ratio A* /a)kA+ , can be ensured to be very
small provided both Aw; and Aw, are selected properly.

Finally, it is pointed that the superiority of the HSFDF method
is that two shifting frequency quantities, Aw, and Aw,, are put
up. For all eigenvector derivatives one needs only to take one and
the same value of Aw,; to ensure the unsingularity of matrix K*
and to make certain K needs only to be decomposed once. Also
K* possesses the band-state characteristic of K. Oppositely, for
differenteigenvectorderivativesone needs to selecta different value
of Aw, to guarantee A* always close to zero. In addition, using
Egs. (18) and (19) the matrices A ,(p > 0) need only to be computed
once. These ensure the efficiency of the HSFDF method.

IV. Solution of Iterative Procedure

For the convenience of description, Eq. (30) is called a basic
iterative formula and is rewritten as

Zy =B+ XZ)_,, k>1 (32)

in which
B=2% - A0~'ZZ"G (33)
X = (Ad+ M) FA (V)M (34)

If Z{,, is taken as zero, then the preceding procedure means that
the real initial vector can be considered to be Z/, = B. Thus, the
iterative process of Eq. (32) can be described, in detail, as
! —
Z, =B

Z,=B+XB=(+X)B

Z,=B+X(UI+X)B=(I+X+X")B

Zpy=U+X+X>+---+X"B (35)

If the iterative process of Eq. (35) is required to be convergent, the
norminequality || X || < 1 mustbe guaranteed. Under the prerequisite
of || X|| <1, the following limitation expression exists:

lim Z, = - X]"'B=27 (36)
k — oo
Substituting Eqgs. (33) and (34) into Eq. (36) obtains
Z'=[I — (A& + ) FAOHM](ZY — A0™'ZZTG)  (37)

From Eq. (29) one knows that Eq. (37) is just the accurate solution
of the HSFDF method. This shows that under the prerequisites of
| X] <1 and Z(,, = 0or B, the iterative formula (30) can converge
to the exact solution.

To accelerate the convergence of iterative process shown in
Eq. (32), we use the accelerated iterative algorithm 2 presented in
Ref. 9. For convenience of description,let Z' =[z|, z}, ..., z,,] and
B=[b,b,,...,b,], and z' and b are considered, respectively, as
certain column vectors with the same number of columnsin matrices

Z’ and B. The algorithm 2 in Ref. 9 can be expressed as follows.

For the calculationof a certain eigenvectorderivative z, the initial
parameter is

T
g = [e",67] = 0,07 (38a)
Fork=1,2,...

o =60 [ =]+ 62 [ 0] G
u? =b+ Xu" (38¢)

If ||u,({2) — u,il) ||/||u,({2) | <o, stop, and let z/ = uf); otherwise,
ul =b+ Xul® (38d)
o= {[w)” —w? +b]. [ —u? + 6]} G8e)
o= [ u?] (38f)

[£0,£2] (382)

Let k:=k + 1, then return to the computation of Eqs. (38b) to
(38c), where o is a given small number, o > 0.

A simply expanded and more sound alternative, as compared
with the preceding accelerated iterative procedure, is presented in
the Appendix.

.= [l Mp] oMb =

V. Proof of Method

The shifting frequency dynamic flexibility method proposed in
this paper first builds up a frequency-shifted system and solves
eigenvector derivatives Z2" of this system, and then eigenvector
derivatives Z' of real system are computed by using Z2 in terms of
the established relationship between frequency-shifted system and
the original real system. Now we ask whether the results obtained
by Eq. (30) are the eigenvector derivatives of original real system.
To answer this question, we eliminate the iterative subscripts shown
in Eq. (30) such that there is

7' =ZY—A&7'ZZ"G + (Ad + n\) FA (0 )MZ' (39)

Inserting Eq. (20) into Eq. (39), premultiplying both sides of
Eq. (39) by [K2 — A*M], and using relationship [K* — A* M F~
(A*) =1 resultsin

[KX —A*M]Z' =G — Ao~ [K® —A*M2Z" G
+(Aw + npMZ (40)

Next, introducing relations A* =X — Aw,, r=(1+ mi, [K—
AM]Z =0, and Eq. (5a) into Eq. (40), one finds

Z'= FO)(I —MZZ")G = F()G (41)

Equations(4), (7),and (41) tell us that the result given by the HSFDF
method is just the eigenvector derivative of original real system.

Another proof of the method is that premultiplying Eq. (29) by
positive definite matrix M, using Eq. (13b), and introducing the
relationship*!® M = M ®®T M can again derive from Z' = F (1)G.
This shows again that the HSFDF method is, in theory, completely
correct.

VI. Numerical Example

The numerical example used in this paper is similar to one in
Ref. 3, except that one beam element is added and the fixed end
is released. Thus, this suspensionbeam has 16 degrees of freedom.
Each beam elementhas the same squarecross section. The derivative
calculation is made with respect to the design parameter p;. Here
p; is chosen to be the z-axis area moment /. of the beam element
at the top end. The finite element assembly matrices K and M of
the suspension beam as well as their derivative matrices K’ and M’
are obtained easily by Ref. 3. The present example possesses eight
double roots designated from A; to Ag in which A; =X, =0. The
eigenvectors corresponding to A; and A, are the rigid-body modes
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Table 1 Percentage error of eigenvector derivative of both DF and HSFDF methods

2051

HSFDF method
Order of series Expanded
in F(X) and Accurate Basic Accelerated accelerated
Mode FA() DF method Aw) solution iteration iteration iteration
6 1st 0.00171 14.7948 0.215E-9 0.552E—4(6) 0.281E—4(2) 0.149E—6(2)
2nd 0.146E—4 (14.7948) 0.215E-9 0.552E—4(6) 0.281E—4(2) 0.149E—6(2)
3rd 0.137E—6 [14.7948] 0.215E-9 0.552E—4(6) 0.281E—4(2) 0.149E—6(2)
4th 0.716E—9 <14.7948> 0.215E-9 0.552E—4(6) 0.281E—4(2) 0.149E—6(2)
8 1st 0.172 112.9641 0.505E—10 0.07810(20) 0.225E-3(13) 0.229E—5(4)
2nd 0.0112 (37.654) 0.505E—10 0.00473(20) 0.225E—-3(13) 0.187E—5(4)
3rd 0.720E-3 [112.9641] 0.505E—10 0.00330(20) 0.225E-3(13) 0.187E—5(4)
4th 0.465E—4 <112.9641> 0.505E—10 0.00330(20) 0.217E-3(13) 0.187E—5(4)
10 1st 13.947 543.4680 0.119E-9 6.987(20) 2.020(7) 0.867E—3(8)
2nd 4.332 (181.156) 0.118E—9 1.382(20) 0.209%(6) 0.467E—3(8)
3rd 1.345 [362.0] 0.118E—9 0.218(20) 0.0212(8) 0.467E—3(8)
4th 0.418 <543.4680> 0.118E—9 0.0845(20) 0.00236(6) 0.467E—3(8)
Table 2 Eigenvector derivatives of the fifth double root
HSFDF method

Accelerated iteration, Expanded accelerated

Exact value DF method, u =10 Awp =362 iteration, Aw, = 543.468
%, %, %, %, %, 5, %, %,

0.0 0.31788E—4 0.0 0.14959E -3 0.0 0.50088E—4 0.0 0.31738E—4
0.0 0 0.0 0 0.0 0 0.0 0

0.0 0 0.0 0 0.0 0 0.0 0

0.0 0.52372E—1 0.0 0.51634E—1 0.0 0.52257E—1 0.0 0.52372E—1
0.0 —0.13967E—1 0.0 —0.13917E—1 0.0 —0.13959E—1 0.0 —0.13967E—1
0.0 0 0.0 0 0.0 0 0.0 0

0.0 0 0.0 0 0.0 0 0.0 0

0.0 —0.42448E—1 0.0 —0.42027E—1 0.0 —0.42382E—1 0.0 —0.42448E —1
0.0 0.11770E—1 0.0 0.11721E—-1 0.0 0.11763E—1 0.0 0.11771E-1
0.0 0 0.0 0 0.0 0 0.0 0

0.0 0 0.0 0 0.0 0 0.0 0

0.0 —0.43599E—1 0.0 —0.43178E—1 0.0 —0.43533E—1 0.0 —0.43599E —1
0.0 0.17832E-2 0.0 0.16655E -2 0.0 0.17650E -2 0.0 0.17834E—-2
0.0 0 0.0 0 0.0 0 0.0 0

0.0 0 0.0 0 0.0 0 0.0 0

0.0 0.36901E—1 0.0 0.36164E —1 0.0 0.36786E—1 0.0 0.36901E—1
7% —_ 0.0 1.345 0.0 0.209 0.0 0.467E-3

@, € R'54, Here taking the first 10 lower-order modes forms the
eigenvector matrix ®;, then the derivatives of six eigenvectors of
A3~ As in &, are computed by using Eqs. (7), (29), (30), (38), and
(Al). Here A3 =14.79487, A, =112.96418, and As =543.46809,
as well as Ay, = A, , =A;, =0, 1, ,=2.0651, A, , =39.847, and
A5, =202.44. The computedresultsarelistedin Tables 1 and 2. Note
that Aw, = 1.0 for all iterations of HSFDF method, and o = 107>
and n =0.0001 are adopted in the calculations.

To understand in detail the characteristics of various dynamic
flexibility methods, the precision analysis (that is, percentage error)
of various methods with different approximation of the power se-
ries as shown in F(A) and F2(1*) is given in Table 1. The “Ist”
and “2nd,” etc., mentioned in Table 1 represent the order of power
terms of A*0 ~ A*! (or A ~ A1), A*0 ~ A*2 (A0 ~ A2), etc., as shownin
Egs. (5d) and (16d). In Table 1 the values without brackets and the
values with parenthesesand square and angle brackets shown in the
Aw, term indicate the shifting frequency values usedin the accurate
solution, the basic iterative, the accelerated, and the expanded ac-
celeratediterative solutions,respectively;and integral numbers with
parentheses shown in the iterative solution term stand for the num-
ber of iteration. The percentage change of an eigenvector derivative
z' with respect to the exact solution z,, is defined in Eq. (42):

1l
Iz —Z1'\*
2% = (— %
[EA

Because the first eigenvector derivative of each double root is zero
vector, the correspondingpercentageerroris zero; therefore, the per-
centage errors of them are notlisted in Table 1. As aresult, modes 6,

(42)

8, and 10 in Table 1, respectively,denote the second eigenvector of
the third, fourth, and fifth double root. In addition, because the dif-
ferencebetween the lower-ordereigenvectorderivativesobtained by
DF and HSFDF methodsis notobviousas a resultof nonexistenceof
concentrated roots, only the derivatives of the highest-ordereigen-
vector in ®; correspondingto the percentage error data in boldface
shown in Table 1 are listed in Table 2.

1) The accurate and iterative solutions yielded, respectively, by
Egs. (29) and (30) plus Eq. (A1) show that the idea of the HSFDF
method is completely correct because Eqs. (29) and (30) plus
Eq. (A1) allow A* & 0 in terms of the one-by-one procedure, so that
the F2(A*) convergesrapidly. Thus, when using Eqgs. (29) and (30)
plus Eq. (A1) and taking the first-order (even zero-order) approxi-
mation of F2(A*) can give very exactresults (see Table 1). Unfortu-
nately, Eq. (29) cannotbe usedin the calculationof many eigenvector
derivativesbecauseit leads to the loss of merits of dynamic flexibil-
ity method.> Thus, Eq. (30) plus the expanded accelerated iterative
algorithm shown in the Appendix will be most useful in practice.

2) The basic and accelerated iterative solutions do not allow
A* =0, that is, they do not allow Aw, to approach to A because
the convergence of Eq. (30) is influenced severely by the magni-
tude of Aw, (thatis, A®). Numerical experience (see Table 1) tells
us that there is the requirement Awg) ~ A; /3 for the ith eigenvalue
A; for the basic iterative procedure of Eq. (30). However for the
accelerated iterative procedure of Eq. (38), only Aw;‘) ~2);/3 is
required. This shows that the effect of the accelerated iteration is
obviously better than that of the basic iteration.

3) At present the precision of accelerated iterative formula (38)
can also satisfy the needs of engineering problems, provided the re-
quirement Aw, ~ 21 /3 is met and third-order (at most fourth-order)
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approximationof F2(1*) is used. Note that Aw, ~ 21 /3 can make
the A /@y 41 ~ 1 conditionin Eq. (12) changethe A*/wp, | & % con-
dition in Eq. (31); this can mostly separate the concentrated roots.

4) For the HSFDF method the unsingularity of matrix K2 is
always guaranteed by using parameter w,. Under the prerequisite of
K2 being nonsingular, Aw; should be chosen as small as probable.

5) A shortcoming of this example is that there are no concentrated
roots. However through the comparison of derivative of highest-
order eigenvector in ®;, one can understand that accuracy of the
HSFDF method must be obviously better than that of the existing
DF method under the concentrated root condition.

6) Letting Aw; =0 and Aw, = Aw in the formulas of the HSFDF
method, the formulas of the NSFDF method presentedin Ref. 8 can
be found.

7) Three noniterative formulas correspondingto Eq. (30) can be
derived out. These noniterative formulas are similar to those of the
simplified dynamic flexibility (SDF)!° and the higher precision dy-
namic flexibility (HPDF)!! methods. Two formulas in the nonitera-
tive formulas just stated are just the noniterative formulas of the SDF
and HPDF methods with hybrid shifting frequency, respectively.
However the iterative formula of the SDF and the HPDF methods
with hybrid shifting frequency stillis Eq. (30), in which only F (A*)
corresponding to the SDF and HPDF methods with hybrid shifting
frequency are given, respectively, by the following expressions:

FAG5) = o) = 201) 0f + 2 (REM) RS (43)

p=0

FAGH) = @ (QF —a71) 7 ® + ) A7 W,A, W (d4a)

p=0

or

FAG) = & (QF —271) 7 ®f = > AW, AW (44b)

p=1

in which solving of A, or A_, is described in Ref. 10. However,
the ;, in the equations for solving A, or A_, shall be k}*.

VII. Conclusions

1) For the constrained structure with concentrated roots and any
constrainedstructural higher-ordereigenvectorderivative,adopting
the NSFDF method is most suitable because it can obtain very good
eigenvector derivatives via the one-by-one procedure and does not
need also to attempt to retain the band-state characteristic of matrix
K through the shifting frequency technique.

2) For the free structure with concentratedroots and any free struc-
tural higher-ordereigenvector derivative, using the HSFDF method
is most reasonable because it can retain the band state of matrix
K via a unique value of Aw; and can also realize the one-by-one
procedure through the different values of Aw;.

3) For the constrained structure without concentrated roots and
any constrained structural lower-order eigenvector derivative, one
can use the original DF method. For the free structure without
concentrated roots and any free structural lower-order eigenvec-
tor derivative, adopting the simple FSFDF method can give sat-
isfactory eigenvector derivatives and can retain the band-state of
matrix K.

4) The expanded accelerated iterative procedure will be most
useful because it can make A*~ 0 and the concentrated roots be
separated enough.

5) In practice the NSFDF method is a special case of the HSFDF
method because the HSFDF method is degenerated to the NSFDF
method after letting Aw; =0 and Aw, = Aw. This shows that the
HSFDF method is the general shifting frequency technique.

Appendix: Expanded Accelerated Iterative Algorithm
The algorithm 2 proposed in Ref. 9 is simply expanded here by
introducing three variable parameters. The expanded accelerated
iterative (EAI) algorithm is only referable because its rationality is
not demonstrated strictly in mathematics. However the numerical
results show that it is a very efficient algorithm. The EAI algorithm
is presented as follows.
For the certain eigenvector derivative z’ the initial parameter is

T
Eo=[&".6?,6P] =(0,0,0)" (Ala)
Fork=1,2,...

W=t gD [ —b] 4@ [u® |~ 5] 4[4 —b
k sk 1 k—1 sk 1 k—1 sk 1 k-1

(Alb)
u? = b+ Xuy” (Alc)
If ||u,((2) - u,il) ||/||u,((2) || <o, stop, and let z' = uf); otherwise,

ud =b+ Xu? (Ald)
u = b+ Xul? (Ale)

o= ([ = uf? + 5], [ —u? + 8], [ —ul? + 5]}
(Alf)

- [,,®» ,@ 6 Al
Pk Up sty uy (Alg)

8= [pr MB] oimb=[£",£2,62]"  (Aln)

Let k:=k 4 1, then return to the calculation of Eqgs. (A1b) and
(Alc).
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