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Dynamic Flexibility Method with Hybrid Shifting Frequency
for Eigenvector Derivatives
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When concentrated roots exist, the precision of the dynamic � exibility method proposed previously by the
authors is changed severely to be poor because a power series in the method closes in divergency. For this reason,
a dynamic � exibility method with hybrid shifting frequency is developed. This new dynamic � exibility method
applies a hybrid shifting frequency technique, that is, two shifting frequency values, D !1 and D !2 , are put up.
So a hybrid shifting frequency system is obtained. In this system D !1 is used to guarantee that the stiffness
matrix of the system is always nonsingular, and D !2 is employed to accelerate the convergence of the power series
contained in the present system. Thus the dynamic � exibility method with hybrid shifting frequency is suitable to
the concentrated root condition. However, the eigenvector derivative of this hybrid shifting frequency system is not
the same as that of the original system. To give the eigenvector derivatives of the original system, the relationship
between dynamic � exibility matrices of the original and the hybrid shifting frequency system is � rst established.
Then the eigenvector derivatives of the original system can be found from the eigenvector derivatives of the hybrid
shifting frequency system. In words, this method is powerful and suitable for any (constrained and free) structures
with concentrated roots.

Nomenclature
A0, A1 = (n; n) matrices to be determined
F.¸/ 2 Rn;n = dynamic � exibility matrix
F1.¸¤/ = frequency-shifteddynamic � exibility matrix
K 2 Rn;n = real symmetric positive semide� nite

stiffness matrix
K 0 2 Rn;n = derivativeof stiffness matrix with respect to p j

K ¤; K 1 = frequency shifted stiffness matrices
M = real symmetric positive de� nite mass matrix
M 0 = derivativeof mass matrix with respect to p j

p j = j th design parameter
S.¸/ 2 Rn;n = dynamic stiffness matrix
S1.¸¤/ = frequency-shifteddynamic stiffness matrix
Z 2 Rn;m = eigenvector matrix of repeated root
Z 0 2 Rn;m = derivativematrix of eigenvector

of repeated root with respect to p j

30 2 Rm ;m = derivativediagonal matrix of repeated root ¸
with respect to p j

¸ = repeated eigenvalue of noumenon-mode
eigenvector Z

¸¤ = frequency-shiftedrepeated eigenvalue
of noumenon-mode eigenvector Z

8 2 Rn;n = complete eigenvector matrix including the
eigenvectors8k and 8h

8h 2 Rn;h = higher-ordereigenvector matrix excluding 8k

8k 2 Rn;k = lower-order eigenvector matrix including
the eigenvector Z and 8R

8R 2 Rn;r = rigid-body modal matrix
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Ä1 2 Rn;n = frequency-shiftedeigenvalue diagonal matrix
corresponding to 8

Ä1
h 2 Rh;h = frequency-shiftedhigher-order eigenvalue

diagonal matrix corresponding to 8h

k·k = vector or matrix norm

Subscripts and Superscripts

h = number of higher-order eigenvectors
k = number of lower-order eigenvectors
m = number of eigenvectors of repeated root
n = number of degrees of freedom
r = number of rigid-body mode eigenvectors
T = transpose
¤; 1 = frequency-shiftedparameter

I. Introduction

T O overcome the shortcomingsof the direct methods presented
in Refs. 1–4 under the case that the derivativesof many eigen-

vectors are computed, a dynamic � exibility (DF) method for com-
putation of many eigenvector derivatives with repeated and unre-
peated roots is � rst developed in Ref. 5. The primary work of the
DF method is solving of matrices Ap (p D 0; 1; : : :) to be deter-
mined; however, the coef� cient matrix of governing equation for
solving A p is the stiffness matrix K . Thus when there exists the
number r of rigid-body motions in a structure and matrix K is sin-
gular, the present governing equation cannot be solved. For this,
the number r of independentequations must be complemented into
the governing equation. This way makes the coef� cient matrix K
become (K C ¹M8R8T

R M). Obviously, this is a full matrix and
breaks the band-state characteristic of original matrix K , which is
unfavorable to the computational ef� ciency. To use the band-state
characteristic of original matrix K , the author6 adopted a shifting
frequency technique to make the coef� cient matrix of governing
equation for solving A p become K ¤ D K ¡ 1!M , in which 1! is
the amount of shift at frequencyaxis. Clearly, K ¤ not only is always
a nonsingularbut also possesses the band-state characteristicof the
original matrix K .

The preceding shifting frequency technique, the formal shift-
ing frequency dynamic � exibility (FSFDF) method, not only
can improve the computational ef� ciency but also can raise the
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convergent rate of a power series utilized in the DF method. The
latter is very important because the convergent rate of the present
power serieswill slowseriallyas the valueof ¸ increases.Whencon-
centratedroots occur, this power seriesof ¸ can diverge.The FSFDF
method cannot increase obviously the convergent rate of the power
series, especiallywhen concentratedroots occur because it does not
change the property of original dynamic stiffness S.¸/ D K ¡ ¸M
and dynamic � exibility F.¸/ D .K ¡ ¸M/¡1. A system shifting fre-
quency dynamic � exibility (SSFDF) method is � rst proposed in
Ref. 7. The SSFDF method,which was originallyproposedto retain
the band-state of stiffness matrix K of the suspension structure,
changes the property of S.¸/ and F.¸/, can accelerate the conver-
gence of the power series, and improves the precisionof calculation
under the case of concentrated root. Because the coef� cient matrix
K 1 D K C 1!M of governing equation for computing Ap in the
SSFDF method is a function of frequency-shiftingvalue 1!, one
can only utilize one and the same value of 1! for all eigenvector
derivatives or uses, at most, a “divided group” shifting frequency
procedure. The so-called divided group procedure means that all
eigenvectors to be differentiated are divided as several groups, and
then the different values of 1! are adopted for a different divided
group.Correspondingly,there is an “one-by-one”shiftingfrequency
procedure.The one-by-oneproceduremeans that the differentvalue
of 1! is selected for a different eigenvectorderivative.Clearly, the
precision of the results obtained by the one-by-oneprocedure must
bebetter than thatobtainedby thedividedgroupprocedure.Unfortu-
nately,the SSFDF method7 cannotutilizethe one-by-oneprocedure;
otherwise, the matrix K 1 needs to be decomposed over and over
again to make the SSFDF method lose practical value. Thus, the
SSFDF cannot accelerate the convergenceof the power seriesunder
concentrated root condition. For this, a noumenon-mode shifting
frequencydynamic � exibility (NSFDF) method8 is proposed. It can
use an one-by-one procedure to accelerate the convergence of the
power seriesunder concentratedroot conditionand has betterpreci-
sion and ef� ciency. However the coef� cient matrix K of governing
equations in the NSFDF needs to be become as K C ¹M8R8T

R M ,
when rigid-body motion exists in a structure. This shows that the
NSFDF method is not very ef� cient for free structure with rigid-
body motion.

Based on the reason just stated, a hybrid-shifted frequency dy-
namic � exibility (HSFDF) method is � rst developed in this paper.
This method is the most general shifting frequency technique. The
NSFDF method is only the special format of the HSFDF method.
The HSFDF method is suitable and ef� cient to any (constrainedand
free) structures with the concentrated roots. Its primary expression
of calculation is an iterative formula. To improve the precision of
the iteration, the accelerated iterative algorithm proposed in Ref. 9
is utilized. In addition, the present accelerated iterative algorithm9

is simply expanded so that the best results are obtained.
Only the particular solutionof eigenvectorderivative is discussed

in this paper, and the general solution is given by using the proce-
dures described in Refs. 1–4.

II. Original Dynamic Flexibility Method
The principalformulasof theDF methoddevelopedby theauthors

are summarized as follows.5

Derivatives Z 0 of eigenvectors Z of repeated root ¸ are

Z 0 D F .¸/G (1)

in which

G D MZ30 ¡ .K 0 ¡ ¸M 0/Z (2)

Because ¸ is the eigenvalue of eigenequation

.K ¡ !i M/’i D 0 (3)

the dynamic � exibility matrix F.¸/ D S¡1.¸/ D .K ¡ ¸M /¡1 does
not exist. For this, the following approximate perturbed dynamic
� exibility formulation is utilized:

NF. Q̧ / D .I ¡ ZZT M/F. Q̧ / (4)

in which

F. Q̧ / D .K ¡ Q̧ M/¡1 (5a)

D 8.Ä ¡ Q̧ I /¡18T (5b)

D 8k .Äk ¡ Q̧ I /¡18T
k C 8h.Äh ¡ Q̧ I /¡18T

h (5c)

D 8k .Äk ¡ Q̧ I /¡18T
k C A0 C Q̧ A1 C Q̧ 2 A2 C ¢ ¢ ¢ (5d)

D N8k . NÄk ¡ Q̧ I /¡1 N8T
k ¡ .´¸/¡1ZZT C A0 C Q̧ A1

C Q̧ 2 A2 C ¢ ¢ ¢ (5e)

Here 8k 2 Rn;k is the eigenvector matrix to be differentiated in
8 2 Rn;n and can be expressed as 8k D [ N8k ; Z ] D [81; Z; 82], in
which N8k D [81; 82]. Z and ¸ are called as noumenon-modeeigen-
vectorand noumenon-modeeigenvalue,respectively,and N8k is a set
of the lower-order additional eigenvectors. Q̧ D .1 C ´/¸, and ´ is a
nondimensionalsmall quantity.From the author’s experience´ can
be taken as about 0.001–0.0001. The eigenvalues Ä1 and Ä2 cor-
responding, respectively, to eigenvectors81 and 82 are separately
little and greater than ¸. For free structure 81 will include rigid-
body modes 8R . 8h 2 Rn;h.k C h D n/ is the higher-order eigen-
vector matrix. Obviously, in comparison with F . Q̧ /, the NF . Q̧ / is
more close to the following accurate value:

F.¸/ D 8.Ä ¡ ¸I /C8T

D N8k . NÄk ¡ ¸I /¡1 N8T
k C 8h.Äh ¡ ¸I /8T

h

D N8k . NÄk ¡ ¸I /¡1 N8T
k C A0 C ¸A1 C ¸2 A2 C ¢ ¢ ¢ (6)

because substitutingEq. (5e) into Eq. (4) it is known that the second
term as shown in right-hand side of Eq. (5e) will disappear, and this
term must not be a small quantity. So the DF method’s formulation
for computing Z 0 is

Z 0 D NF . Q̧ /G (7)

The governing equations for the matrices A p.p ¸ 0/ to be found in
Eq. (5d) are given as5

KA0 D I ¡ M8k 8T
k (8)

KA p D MAp ¡ 1; p ¸ 1 (9)

For free structure Eqs. (8) and (9) will be replaced by the following
equations:

¡
K C ¹M8R 8T

R M
¢
A0 D I ¡ M8k8

T
k (10)

¡
K C ¹M8R8T

R M
¢

Ap D MAp ¡ 1; p ¸ 1 (11)

where ¹ is a properly selected constant. Based on the experience,
¹ should make the elements of ¹M8R 8T

R M be smaller than the
elements of K by 1 » 2 order of magnitude.

III. HSFDF Method
It was not pointed out10 that in the preceding DF method the

matrices A0, A1 : : : are unchanged upon differentiating any eigen-
vector in 8k , that is, Ap. p ¸ 0/ is not the function of eigenpair
(¸; Z). This can be seen by analyzing Eqs. (8) and (9). This fact
tells us that Eqs. (8) and (9) need only to be solved once regardless
of the number of eigenvectorsto be differentiated.This tells us also
that the convergentrate of the power series at the end of Eq. (5d) will
drop gradually, as the value of ¸ increases, because the convergent
rate of the power series is nearly equivalent to that of the following
geometric series:

1=.!k C 1 ¡ ¸/ D .1=!k C 1/
£
1 C ¸=!k C 1 C .¸=!k C 1/2 C ¢ ¢ ¢

¤

(12)
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where !k C 1 is theeigenvaluecorrespondingto (k C 1)theigenvector
Ák C 1 , that is, !k C 1 is the lowest eigenvalue in higher-order mode
set 8h . Clearly, when ¸ ¼ !k C 1 , the series as shown in Eq. (12) will
diverge.

If the convergentrate of Eq. (12) under ¸ ¼ !k C 1 conditionneeds
to be increased obviously, one must rely on the hybrid shifting fre-
quency techniques,which will be presented in this section.

As mentioned in the Introduction,in comparisonwith the SSFDF
method,7 the NSFDF method8 is suitable to the one-by-one pro-
cedure, but as with the original DF method the coef� cient matrix
K of governing equations of the NSFDF method is singular under
free structure condition so that the coef� cient matrix must become
a full matrix (K C ¹M8R8T

R M). Now we want to � nd a shifting
frequency technique that can retain the band-state characteristicof
matrix K and is also suitable to the one-by-oneprocedure.After an-
alyzing the respectivemerits of FSFDF, SSFDF, and NSFDF meth-
ods, a HSFDF method is � rst developed in this paper.

The HSFDF method takes the frequency-shifteddynamic � exi-
bility matrix as follows:

F 1.¸¤/ D .K 1 ¡ ¸¤ M /¡1 (13a)

D 8.Ä1 ¡ ¸¤ I /¡18T (13b)

Here Ä1 D Ä C 1!1 I are the eigenvalues of the following
eigenequation:

¡
K 1 ¡ !1

i M
¢
’i D 0 (14)

in which K 1 D K C 1!1 M and !1
i D !i C 1!1; ¸¤ is a m-multiple

eigenvalue of the next eigenequation:
¡
K ¤ ¡ !¤

i M
¢
’i D 0 (15)

in which K ¤ D K ¡ 1!2 M , !¤
i D !i ¡ 1!2, and ¸¤ D ¸ ¡ 1!2.

Assume 8 D [80; Z ] and Ä1 D diag[Ä1
0 ; ¸1 I ]; here ¸1 D ¸ C 1!1

is a m-multiple eigenvalue of Eq. (14). Thus, Eq. (13b) can be ex-
panded as

F 1.¸¤/ D 80

¡
Ä1

0 ¡ ¸¤ I
¢¡1

8T
0 C 1 NN!¡1ZZT (16a)

D N8k

¡
NÄ1

k ¡ ¸¤ I
¢¡1 N8T

k C 8h

¡
Ä1

h ¡ ¸¤ I
¢¡1

8T
h

C1 NN!¡1ZZT (16b)

D N8k

¡
NÄ1

k ¡ ¸¤ I
¢¡1 N8T

k C 1 NN!¡1ZZT

CA0 C ¸¤ A1 C ¸¤2 A2 C ¢ ¢ ¢ (16c)

D 8k

¡
Ä1

k ¡ ¸¤ I
¢¡1

8T
k C A0 C ¸¤ A1 C ¸¤2 A2 C ¢ ¢ ¢

(16d)

where 1 NN! D 1!1 C 1!2, Ä1
k D Äk C 1!1 I , and NÄ1

k D NÄk C
1!1 I , on the analogy of this.

To solve matrices A p.p ¸ 0/ to be determined, Eq. (16d) can be
rewritten as

F1.¸¤/ D ¡
X

i

’1i ’
T
1i

¸¤ ¡ !1
1i

C
X

j

’2 j ’
T
2 j

!1
2 j ¡ ¸¤

C A0 C ¸¤ A1

C ¸¤2 A2 C ¢ ¢ ¢ D ¡
X

i

’1i ’
T
1i

¸¤

µ
1 C

!1
1i

¸¤
C

³
!1

1i

¸¤

´2

C ¢ ¢ ¢
¶

C
X

j

’2 j ’
T
2 j

!1
2 j

µ
1 C ¸¤

!1
2 j

C
³

¸¤

!1
2 j

´2

C ¢ ¢ ¢
¶

C A0 C ¸¤ A1 C ¸¤2 A2 C ¢ ¢ ¢

D ¡¸¤ ¡ 1818T
1 ¡ ¸¤ ¡ 281Ä

1
1 8T

1 ¡ ¸¤ ¡ 381Ä12
1 8T

1

¡ ¢ ¢ ¢ C 82Ä
1 ¡ 1
2 8T

2 C ¸¤82Ä1 ¡ 2
2 8T

2 C ¸¤282Ä1 ¡ 3
2 8T

2

C ¢ ¢ ¢ C A0 C ¸¤ A1 C ¸¤2 A2 C ¢ ¢ ¢ (17)

Here the de� nition of 81 and 82 is slightlynot the same as the early
one, and 8k D [81; 82], that is to say, the noumenon-mode eigen-
vector Z is contained in 81 or 82 . Their corresponding eigenval-
ues Ä1

1 D Ä1 C 1!1 I and Ä1
2 D Ä2 C 1!1 I are smaller and greater

than¸¤, respectively.Accordingto theproceduredescribedin Ref. 5,
substituting Eq. (17) into the relationship (K 1 ¡ ¸¤ M /F1.¸¤/ D I
gets the governing equations

K 1 A0 D I ¡ M8k 8T
k (18)

K 1 A p D MAp ¡ 1; p ¸ 1 (19)

After getting F1.¸¤/ from Eq. (16d), a frequencyshiftedsolution
Z 10

of eigenvector derivative in the HSFDF method is given as

Z 10 D F1.¸¤/G (20)

Note that Z10
is not equal to the following real solution:

Z 0 D F.¸/G ¼ NF. Q̧ /G (21)

To derive Z 0 from Z10
, the relationship between NF. Q̧ / and F1.¸¤/

must be found. From Eq. (5b) one knows

F. Q̧ / D 80.Ä0 ¡ Q̧ I /¡18T
0 ¡ .´¸/¡1ZZT (22)

Embedding Eq. (22) into Eq. (4) and using the mass-orthogonality
condition makes

NF. Q̧ / D 80.Ä0 ¡ Q̧ I /¡18T
0 (23a)

D N8k . NÄk ¡ Q̧ I /¡1 N8T
k C 8h.Äh ¡ Q̧ I /¡18T

h (23b)

Thus, using Eqs. (16a) and (23a) gives

F1.¸¤/ ¡ NF. Q̧ / D 80

£¡
Ä1

0 ¡ ¸¤ I
¢¡1 ¡ .Ä0 ¡ Q̧ I /¡1

¤
8T

0

C 1 NN!¡1ZZT (24)

Analyzing the i th diagonal element of the diagonal matrix in
Eq. (24) has

1

!1
i ¡ ¸¤

¡ 1

!i ¡ Q̧ D ¡ 1 NN! C ´¸¡
!1

i ¡ ¸¤
¢
.!i ¡ Q̧ /

(25)

Equation (24) can rewritten by using Eq. (25) as

F1.¸¤/ ¡ NF. Q̧ / D ¡.1 NN! C ´¸/80

¡
Ä1

0 ¡ ¸¤ I
¢¡1

.Ä0 ¡ Q̧ I /¡18T
0

C 1 NN!¡1 Z Z T D ¡.1 NN! C ´¸/ N8k

¡
NÄ1

k ¡ ¸¤ I
¢¡1

. NÄk ¡ Q̧ I /¡1 N8T
k

¡ .1 NN! C ´¸/8h

¡
Ä1

h ¡ ¸¤ I
¢¡1

.Äh ¡ Q̧ I /¡18T
h C 1 NN!¡1 Z Z T

(26)

Using the relationship 8T
k M8h D 0, 8T

h M8h D I , as well as
Eqs. (16b) and (23b), etc., the matrix in the second term on the
right-hand side of Eq. (26) can be rewritten as

8h

¡
Ä1

h ¡ ¸¤ I
¢¡1

8T
h M8h.Äh ¡ Q̧ I /¡18T

h

D
£
F 1.¸¤/ ¡ 8k

¡
Ä1

k ¡ ¸¤ I
¢¡1

8T
k

¤
M8h.Äh ¡ Q̧ I /¡18T

h

D F1.¸¤/M
£

NF . Q̧ / ¡ N8k . NÄk ¡ Q̧ I /¡1 N8T
k

¤

D F1.¸¤/M NF. Q̧ / ¡ N8k

¡
NÄ1

k ¡ ¸¤ I
¢¡1

. NÄk ¡ Q̧ I /¡1 N8T
k (27)

Substituting Eq. (27) into Eq. (26) obtains

F1.¸¤/ ¡ NF . Q̧ / D ¡.1 NN! C ´¸/F1.¸¤/M NF. Q̧ / C 1 NN!¡1ZZT (28)

Postmultiplying both sides of Eq. (28) by matrix G gives

[I ¡ .1 NN! C ´¸/F1.¸¤/M]Z 0 D Z10 ¡ 1 NN!¡1ZZT G (29)
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Equation(29)canyield theexactsolutionof Z 0 whennotconsidering
the approximation of F 1.¸¤/ and ´, but this equation is unsuitable
to the calculationof many eigenvectorderivativesbecause the coef-
� cient matrix of Eq. (29) is a function of ¸ and 1 NN!. For this reason,
Eq. (29) is rewritten as an iterative formula of the HSFDF method:

Z 0
.k/ D Z 10 ¡ 1 NN!¡1ZZT G C .1 NN! C ´¸/F 1.¸¤/MZ 0

.k ¡ 1/

k ¸ 1 (30)

The convergent rate of the power series in Eq. (16) is nearly
equivalent to that of the following geometric series:

1
¯¡

!1
k C 1 ¡ ¸¤

¢
D 1

¯
!1

k C 1

h
1 C ¸¤

¯
!1

k C 1 C
¡
¸¤=!1

k C 1

¢2 C ¢ ¢ ¢
i

(31)

Because !1
k C 1 D !k C 1 C 1!1 and ¸¤ D ¸ ¡ 1!2 , even if under

¸ ¼ !k C 1 condition, the ratio ¸¤=!1
k C 1 can be ensured to be very

small provided both 1!1 and 1!2 are selected properly.
Finally, it is pointed that the superiority of the HSFDF method

is that two shifting frequency quantities, 1!1 and 1!2, are put
up. For all eigenvector derivatives one needs only to take one and
the same value of 1!1 to ensure the unsingularity of matrix K 1

and to make certain K 1 needs only to be decomposed once. Also
K 1 possesses the band-state characteristic of K . Oppositely, for
differenteigenvectorderivativesone needs to select a differentvalue
of 1!2 to guarantee ¸¤ always close to zero. In addition, using
Eqs. (18) and (19) the matrices Ap.p ¸ 0/ needonly to be computed
once. These ensure the ef� ciency of the HSFDF method.

IV. Solution of Iterative Procedure
For the convenience of description, Eq. (30) is called a basic

iterative formula and is rewritten as

Z 0
.k/ D B C X Z 0

.k ¡ 1/; k ¸ 1 (32)

in which

B D Z 10 ¡ 1 NN!¡1ZZT G (33)

X D .1 NN! C ´¸/F1.¸¤/M (34)

If Z 0
.0/ is taken as zero, then the preceding procedure means that

the real initial vector can be considered to be Z 0
.0/

D B. Thus, the
iterative process of Eq. (32) can be described, in detail, as

Z 0
.0/

D B

Z 0
.1/

D B C X B D .I C X /B

Z 0
.2/

D B C X .I C X /B D .I C X C X 2/B
:::

Z 0
.k/

D .I C X C X 2 C ¢ ¢ ¢ C X k /B

9
>>>>>=

>>>>>;
(35)

If the iterative process of Eq. (35) is required to be convergent, the
norm inequalitykXk < 1 mustbeguaranteed.Under theprerequisite
of kXk < 1, the following limitation expression exists:

lim
k ! 1

Z 0
.k/ D [I ¡ X ]¡1 B D Z 0 (36)

Substituting Eqs. (33) and (34) into Eq. (36) obtains

Z 0 D [I ¡ .1 NN! C ´¸/F1.¸¤/M ]¡1.Z10 ¡ 1 NN!¡1ZZT G/ (37)

From Eq. (29) one knows that Eq. (37) is just the accurate solution
of the HSFDF method. This shows that under the prerequisites of
kXk < 1 and Z 0

.0/
D 0 or B, the iterative formula (30) can converge

to the exact solution.
To accelerate the convergence of iterative process shown in

Eq. (32), we use the accelerated iterative algorithm 2 presented in
Ref. 9. For convenienceof description,let Z 0 D [z0

1; z0
2; : : : ; z0

m] and
B D [b1; b2; : : : ; bm], and z0 and b are considered, respectively, as
certaincolumnvectorswith the same numberof columnsin matrices
Z 0 and B. The algorithm 2 in Ref. 9 can be expressed as follows.

For the calculationof a certaineigenvectorderivativez0, the initial
parameter is

40 D
£
»

.1/

0 ; »
.2/

0

¤T D .0; 0/T (38a)

For k D 1; 2; : : :

u.1/

k D b C »
.1/

k ¡ 1

£
u.2/

k ¡ 1 ¡ b
¤

C »
.2/

k ¡ 1

£
u.3/

k ¡ 1 ¡ b
¤

(38b)

u.2/

k D b C Xu.1/

k (38c)

If ku.2/

k ¡ u.1/

k k=ku.2/

k k < ¾ , stop, and let z0 D u.2/

k ; otherwise,

u.3/

k D b C Xu.2/

k (38d)

¯k D
©£

u.1/

k ¡ u.2/

k C b
¤
;
£
u.2/

k ¡ u.3/

k C b
¤ª

(38e)

½k D
£
u.1/

k ; u.2/

k

¤
(38f)

4k D
£
½T

k M¯k

¤¡1
½T

k Mb D
£
»

.1/

k ; »
.2/

k

¤T
(38g)

Let k :D k C 1, then return to the computation of Eqs. (38b) to
(38c), where ¾ is a given small number, ¾ > 0.

A simply expanded and more sound alternative, as compared
with the preceding accelerated iterative procedure, is presented in
the Appendix.

V. Proof of Method
The shifting frequency dynamic � exibility method proposed in

this paper � rst builds up a frequency-shifted system and solves
eigenvector derivatives Z 10

of this system, and then eigenvector
derivatives Z 0 of real system are computedby using Z10

in terms of
the established relationship between frequency-shiftedsystem and
the original real system. Now we ask whether the results obtained
by Eq. (30) are the eigenvector derivatives of original real system.
To answer this question,we eliminate the iterative subscriptsshown
in Eq. (30) such that there is

Z 0 D Z 10 ¡1 NN!¡1ZZT G C .1 NN! C ´¸/F1.¸¤/MZ0 (39)

Inserting Eq. (20) into Eq. (39), premultiplying both sides of
Eq. (39) by [K 1 ¡ ¸¤ M], and using relationship [K 1 ¡ ¸¤ M]F1

.¸¤/ D I results in

[K 1 ¡ ¸¤ M]Z 0 D G ¡ 1 NN!¡1[K 1 ¡ ¸¤ M ]ZZT G

C .1 NN! C ´¸/MZ0 (40)

Next, introducing relations ¸¤ D ¸ ¡ 1!2, Q̧ D .1 C ´/¸, [K ¡
¸M]Z D 0, and Eq. (5a) into Eq. (40), one � nds

Z 0 D F. Q̧ /.I ¡ MZZT /G D NF. Q̧ /G (41)

Equations(4), (7), and (41) tell us that the result givenby theHSFDF
method is just the eigenvector derivative of original real system.

Another proof of the method is that premultiplying Eq. (29) by
positive de� nite matrix M , using Eq. (13b), and introducing the
relationship5;10 M D M88T M can again derive from Z 0 D NF . Q̧ /G.
This shows again that the HSFDF method is, in theory, completely
correct.

VI. Numerical Example
The numerical example used in this paper is similar to one in

Ref. 3, except that one beam element is added and the � xed end
is released. Thus, this suspensionbeam has 16 degrees of freedom.
Each beamelementhas the samesquarecrosssection.The derivative
calculation is made with respect to the design parameter p j . Here
p j is chosen to be the z-axis area moment Iz of the beam element
at the top end. The � nite element assembly matrices K and M of
the suspension beam as well as their derivative matrices K 0 and M 0

are obtained easily by Ref. 3. The present example possesses eight
double roots designated from ¸1 to ¸8 in which ¸1 D ¸2 D 0. The
eigenvectors corresponding to ¸1 and ¸2 are the rigid-body modes
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Table 1 Percentage error of eigenvector derivative of both DF and HSFDF methods

HSFDF method
Order of series Expanded

in NF. Q̧ / and Accurate Basic Accelerated accelerated
Mode F1.¸¤/ DF method 1!2 solution iteration iteration iteration

6 1st 0.00171 14.7948 0.215E¡9 0.552E¡4(6) 0.281E¡4(2) 0.149E¡6(2)
2nd 0.146E¡4 (14.7948) 0.215E¡9 0.552E¡4(6) 0.281E¡4(2) 0.149E¡6(2)
3rd 0.137E¡6 [14.7948] 0.215E¡9 0.552E¡4(6) 0.281E¡4(2) 0.149E¡6(2)
4th 0.716E¡9 <14.7948> 0.215E¡9 0.552E¡4(6) 0.281E¡4(2) 0.149E¡6(2)

8 1st 0.172 112.9641 0.505E¡10 0.07810(20) 0.225E¡3(13) 0.229E¡5(4)
2nd 0.0112 (37.654) 0.505E¡10 0.00473(20) 0.225E¡3(13) 0.187E¡5(4)
3rd 0.720E¡3 [112.9641] 0.505E¡10 0.00330(20) 0.225E¡3(13) 0.187E¡5(4)
4th 0.465E¡4 <112.9641> 0.505E¡10 0.00330(20) 0.217E¡3(13) 0.187E¡5(4)

10 1st 13.947 543.4680 0.119E¡9 6.987(20) 2.020(7) 0.867E¡3(8)
2nd 4.332 (181.156) 0.118E¡9 1.382(20) 0.209(6) 0.467E¡3(8)
3rd 1.345 [362.0] 0.118E¡9 0.218(20) 0.0212(8) 0.467E¡3(8)
4th 0.418 <543.4680> 0.118E¡9 0.0845(20) 0.00236(6) 0.467E¡3(8)

Table 2 Eigenvector derivatives of the � fth double root

HSFDF method
Accelerated iteration, Expanded accelerated

Exact value DF method, ¹ D 10 1!2 D 362 iteration, 1!2 D 543:468

z0
5;1 z0

5;2 z0
5;1 z0

5;2 z0
5;1 z0

5;2 z0
5;1 z0

5;2

0.0 0.31788E¡4 0.0 0.14959E¡3 0.0 0.50088E¡4 0.0 0.31738E¡4
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0.52372E¡1 0.0 0.51634E¡1 0.0 0.52257E¡1 0.0 0.52372E¡1
0.0 ¡0:13967E¡1 0.0 ¡0:13917E¡1 0.0 ¡0:13959E¡1 0.0 ¡0:13967E¡1
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0 0.0 0 0.0 0 0.0 0
0.0 ¡0:42448E¡1 0.0 ¡0:42027E¡1 0.0 ¡0:42382E¡1 0.0 ¡0:42448E¡1
0.0 0.11770E¡1 0.0 0.11721E¡1 0.0 0.11763E¡1 0.0 0.11771E¡1
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0 0.0 0 0.0 0 0.0 0
0.0 ¡0:43599E¡1 0.0 ¡0:43178E¡1 0.0 ¡0:43533E¡1 0.0 ¡0:43599E¡1
0.0 0.17832E¡2 0.0 0.16655E¡2 0.0 0.17650E¡2 0.0 0.17834E¡2
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0 0.0 0 0.0 0 0.0 0
0.0 0.36901E¡1 0.0 0.36164E¡1 0.0 0.36786E¡1 0.0 0.36901E¡1
z0% —— 0.0 1.345 0.0 0.209 0.0 0.467E¡3

8R 2 R16;4 . Here taking the � rst 10 lower-order modes forms the
eigenvector matrix 8k , then the derivatives of six eigenvectors of
¸3 » ¸5 in 8k are computed by using Eqs. (7), (29), (30), (38), and
(A1). Here ¸3 D 14:79487, ¸4 D 112:96418, and ¸5 D 543:46809,
as well as ¸0

3;1 D ¸0
4;1 D ¸0

5;1 D 0, ¸0
3;2 D 2:0651, ¸0

4;2 D 39:847, and
¸0

5;2 D 202:44.The computedresultsare listedin Tables1and2. Note
that 1!1 D 1:0 for all iterations of HSFDF method, and ¾ D 10¡5

and ´ D 0:0001 are adopted in the calculations.
To understand in detail the characteristics of various dynamic

� exibility methods, the precisionanalysis (that is, percentageerror)
of various methods with different approximation of the power se-
ries as shown in NF. Q̧ / and F 1.¸¤/ is given in Table 1. The “1st”
and “2nd,” etc., mentioned in Table 1 represent the order of power
terms of ¸¤0 » ¸¤1 (or Q̧ 0 » Q̧ 1), ¸¤0 » ¸¤2 ( Q̧ 0 » Q̧ 2), etc., as shown in
Eqs. (5d) and (16d). In Table 1 the values without brackets and the
values with parenthesesand square and angle brackets shown in the
1!2 term indicate the shifting frequencyvalues used in the accurate
solution, the basic iterative, the accelerated, and the expanded ac-
celeratediterativesolutions,respectively;and integralnumberswith
parentheses shown in the iterative solution term stand for the num-
ber of iteration.The percentagechange of an eigenvectorderivative
z0 with respect to the exact solution z0

e is de� ned in Eq. (42):

z0% D
³

kz0
e ¡ z0k
kz0

ek

´ 1
2

% (42)

Because the � rst eigenvector derivative of each double root is zero
vector,thecorrespondingpercentageerror is zero; therefore,theper-
centage errors of them are not listed in Table 1. As a result, modes 6,

8, and 10 in Table 1, respectively,denote the second eigenvectorof
the third, fourth, and � fth double root. In addition, because the dif-
ferencebetween the lower-ordereigenvectorderivativesobtainedby
DF and HSFDF methodsis notobviousas a resultof nonexistenceof
concentrated roots, only the derivatives of the highest-order eigen-
vector in 8k correspondingto the percentageerror data in boldface
shown in Table 1 are listed in Table 2.

1) The accurate and iterative solutions yielded, respectively, by
Eqs. (29) and (30) plus Eq. (A1) show that the idea of the HSFDF
method is completely correct because Eqs. (29) and (30) plus
Eq. (A1) allow ¸¤ ¼ 0 in terms of the one-by-oneprocedure, so that
the F1.¸¤/ converges rapidly. Thus, when using Eqs. (29) and (30)
plus Eq. (A1) and taking the � rst-order (even zero-order) approxi-
mation of F1.¸¤/ can give very exact results (see Table 1). Unfortu-
nately,Eq. (29)cannotbeused in thecalculationofmanyeigenvector
derivativesbecause it leads to the loss of merits of dynamic � exibil-
ity method.5 Thus, Eq. (30) plus the expanded accelerated iterative
algorithm shown in the Appendix will be most useful in practice.

2) The basic and accelerated iterative solutions do not allow
¸¤ ¼ 0, that is, they do not allow 1!2 to approach to ¸ because
the convergence of Eq. (30) is in� uenced severely by the magni-
tude of 1!2 (that is, 1 NN!). Numerical experience (see Table 1) tells
us that there is the requirement 1!

.i/
2 ¼ ¸i =3 for the i th eigenvalue

¸i for the basic iterative procedure of Eq. (30). However for the
accelerated iterative procedure of Eq. (38), only 1!

.i/
2 ¼ 2¸i =3 is

required. This shows that the effect of the accelerated iteration is
obviously better than that of the basic iteration.

3) At present the precision of accelerated iterative formula (38)
can also satisfy the needs of engineeringproblems, provided the re-
quirement1!2 ¼ 2¸=3 is met and third-order(at most fourth-order)
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approximationof F 1.¸¤/ is used. Note that 1!2 ¼ 2¸=3 can make
the ¸=!k C 1 ¼ 1 condition in Eq. (12) change the ¸¤=!1

k C 1 ¼ 1
3

con-
dition in Eq. (31); this can mostly separate the concentrated roots.

4) For the HSFDF method the unsingularity of matrix K 1 is
always guaranteedby using parameter!1 . Under the prerequisiteof
K 1 being nonsingular,1!1 should be chosen as small as probable.

5) A shortcomingof this example is that there are no concentrated
roots. However through the comparison of derivative of highest-
order eigenvector in 8k , one can understand that accuracy of the
HSFDF method must be obviously better than that of the existing
DF method under the concentrated root condition.

6) Letting 1!1 D 0 and 1!2 D 1! in the formulasof the HSFDF
method, the formulas of the NSFDF method presented in Ref. 8 can
be found.

7) Three noniterative formulas corresponding to Eq. (30) can be
derived out. These noniterative formulas are similar to those of the
simpli� ed dynamic � exibility (SDF)10 and the higher precision dy-
namic � exibility (HPDF)11 methods. Two formulas in the nonitera-
tive formulas just statedare just the noniterativeformulasof the SDF
and HPDF methods with hybrid shifting frequency, respectively.
However the iterative formula of the SDF and the HPDF methods
with hybridshiftingfrequencystill is Eq. (30), in which only F1.¸¤/
corresponding to the SDF and HPDF methods with hybrid shifting
frequency are given, respectively, by the following expressions:

F1.¸¤/ D 8k

¡
Ä1

k ¡ ¸¤ I
¢¡1

8T
k C

sX

p D 0

¸¤ p
¡
R1

h M
¢p

R1
h (43)

F1.¸¤/ D 8k

¡
Ä1

k ¡ ¸¤ I
¢¡1

8T
k C

sX

p D 0

¸¤ p9h Ap9T
h (44a)

or

F1.¸¤/ D 8k

¡
Ä1

k ¡ ¸¤ I
¢¡1

8T
k ¡

sX

p D 1

¸¤¡p9h A¡ p9T
h (44b)

in which solving of A p or A¡p is described in Ref. 10. However,
the ·h in the equations for solving Ap or A¡p shall be ·1

h .

VII. Conclusions
1) For the constrained structure with concentrated roots and any

constrainedstructuralhigher-ordereigenvectorderivative,adopting
the NSFDF method is most suitablebecause it can obtain very good
eigenvector derivatives via the one-by-one procedure and does not
need also to attempt to retain the band-state characteristicof matrix
K through the shifting frequency technique.

2)For the freestructurewith concentratedrootsandany freestruc-
tural higher-ordereigenvectorderivative, using the HSFDF method
is most reasonable because it can retain the band state of matrix
K via a unique value of 1!1 and can also realize the one-by-one
procedure through the different values of 1!2 .

3) For the constrained structure without concentrated roots and
any constrained structural lower-order eigenvector derivative, one
can use the original DF method. For the free structure without
concentrated roots and any free structural lower-order eigenvec-
tor derivative, adopting the simple FSFDF method can give sat-
isfactory eigenvector derivatives and can retain the band-state of
matrix K .

4) The expanded accelerated iterative procedure will be most
useful because it can make ¸¤ ¼ 0 and the concentrated roots be
separated enough.

5) In practice the NSFDF method is a special case of the HSFDF
method because the HSFDF method is degenerated to the NSFDF
method after letting 1!1 D 0 and 1!2 D 1!. This shows that the
HSFDF method is the general shifting frequency technique.

Appendix: Expanded Accelerated Iterative Algorithm
The algorithm 2 proposed in Ref. 9 is simply expanded here by

introducing three variable parameters. The expanded accelerated
iterative (EAI) algorithm is only referable because its rationality is
not demonstrated strictly in mathematics. However the numerical
results show that it is a very ef� cient algorithm. The EAI algorithm
is presented as follows.

For the certain eigenvector derivative z0 the initial parameter is

40 D
£
»

.1/

0 ; »
.2/

0 ; »
.3/

0

¤T D .0; 0; 0/T (A1a)

For k D 1; 2; : : :

u.1/

k D b C »
.1/

k ¡ 1

£
u.2/

k ¡ 1 ¡ b
¤

C »
.2/

k ¡ 1

£
u.3/

k ¡ 1 ¡ b
¤

C »
.3/

k ¡ 1

£
u.4/

k ¡ 1 ¡ b
¤

(A1b)

u.2/

k D b C Xu.1/

k (A1c)

If ku.2/

k ¡ u.1/

k k=ku.2/

k k < ¾ , stop, and let z0 D u.2/

k ; otherwise,

u.3/

k D b C Xu.2/

k (A1d)

u.4/

k D b C Xu.3/

k (A1e)

¯k D
©£

u.1/

k ¡ u.2/

k C b
¤
;
£
u.2/

k ¡ u.3/

k C b
¤
;
£
u.3/

k ¡ u.4/

k C b
¤ª

(A1f)

½k D
£
u.1/

k ; u.2/

k ; u.3/

k

¤
(A1g)

4k D
£
½T

k M¯k

¤¡1
½T

k Mb D
£
»

.1/

k ; »
.2/

k ; »
.3/

k

¤T
(A1h)

Let k :D k C 1, then return to the calculation of Eqs. (A1b) and
(A1c).
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